Loop and path spaces and four-dimensional BF theories:
1.

Introduction
In this paper we consider the spaces LM and PM of free loops and paths of a compact manifold M and the principal G-bundles on LM and PM obtained by pulling back, via the evaluation map, a fixed principal bundle P (M, G). We are interested in the connections on such bundles that are determined by pairs (A, B) where A is a connection on P (M, G) and B is a 2-form of the adjoint type on P (M, G). We study the properties of the curvature and of the holonomy of such connections.
The motivations for this study are rooted in the four-dimensional quantum field theories of the BF -type. One of our goals is to understand the relation between those QFT's and the (smooth) invariants of four-manifolds and of surfaces imbedded (or immersed) in four-manifolds.
Before discussing the differential geometrical results, we comment briefly on quantum BF -theories.
Quantum Field Theory
Four-dimensional BF -theories may become increasingly relevant both to the quantumfield theoretical description of smooth four-manifold invariants and to the understanding of quark-confinement problems.
What characterizes BF -theories, and distinguishes them from ordinary gauge theories, is the fact that there are two fundamental fields: a connection A for some principal Gbundle over a four-dimensional manifold M and a 2-form field B that transforms under gauge transformations as the curvature of A.
Various actions (and observables) can be constructed with the two fields A and B and, as a result, BF -theories can be both topological and non-topological (see section 8) .
One of the relevant non-topological BF theories is the first-order formalism of the Yang-Mills theory introduced in [1] , [2] , [3] and then modified in [4] by replacing B with B − d A η, where the extra field η is a 1-form. The resulting theory, which turns out to be a deformation of a topological theory, has been shown in [4] to be equivalent to the Yang-Mills theory.
For general topological field theories the reader is referred to [5] . Topological BF -theories have been introduced in [6] (see also [7] ) and reviewed in [8] . The inclusion of observables in four-dimensional topological BF -theories is due to [9] .
Here we begin a study of the geometry of four-dimensional BF -theories. The starting point is the observation that the spatial components of B are the conjugate momenta to the spatial components of A. If we formally identify the tangent and cotangent spaces, we may see B as an infinitesimal connection.
The natural way to interpret the 2-form B as a tangent vector to a space of connections is to consider a principal G-bundle which has both as the total space and as the base manifold a space of loops or paths. By integrating the 2-form B over a path, one obtains a 1-form. We show in this paper that pairs (A, B) represent connections on a G-bundle over the path or loop space of our manifold M .
An ordinary connection A yields the parallel transport along a path of geometrical 1 objects associated to points. Similarly a connection on the path or loop space, represented by a pair (A, B), yields the parallel transport along a path of paths or a path of loops of geometrical objects associated to paths or loops. Surfaces are spanned by paths of paths (though not in a unique way), so the first question one has to ask is when a Stokes-like formula holds for parallel transport. It is easy to see that when the field B is the (opposite of the) curvature F A of A, then the parallel transport along a path of paths spanning a surface S is uniquely determined by the A-parallel transport along the boundary of S. This is a new version of the well-known non-abelian Stokes formula (see [10] , [11] ).
If B is a small deformation of a (small) curvature F A , then a surface term appears in the parallel transport with respect to the connection (A, B). For large deformations the parallel transport with respect to (A, B) depends on the whole path of paths structure and not only on the spanned surface.
We now recall that the ordinary holonomy along a loop in space-time has a physical interpretation: namely, it represents the contribution of a pair quark-antiquark forced to move along the loop. With our construction we have at our disposal more general objects.
For example we may consider the parallel transport with respect to the pair (A, B) along a path of paths. This provides us with a simple generalization of the previous situation: we might think of this case as of a pair quark-antiquark with an interaction that is not given just by the A-parallel transport.
As a second example we may take the holonomy corresponding to the pair (A, B) of a loop in the path (or loop) space. This should represent the contribution of a pair of open (or closed) strings in interaction.
Thus, the equivalence between the Yang-Mills theory and a deformation of the BFtheory plus the presence of surface terms associated to the parallel transport involving a non-trivial B-field may be relevant for the problem of quark confinement as formulated by Wilson [12] .
A rôle of the BF -theories in the understanding of quark confinement has been discussed in [13] (see also [14] ).
As far as topological BF theories are concerned, we notice that one can define, at least in principle, a four-dimensional analogue of the Witten-Chern-Simons theory, whose vacuum expectation values (v.e.v.) of (products of) Wilson loops represent link-invariants.
In four-dimensional topological BF -theories, one can compute v.e.v.'s of traces of holonomies of imbedded (or immersed) loops of paths (or of loops). Again one of the delicate points is to check when these invariants can be considered invariants of the surfaces spanned by loops of paths (or of loops). This requirement is close to the parameterization invariance for the surface since (for imbeddings) the loop-of-paths structure yields coordinates on the surface.
In this paper we show that when the fields A and B, restricted to the surface spanned by a loop of paths, take values in an abelian subgroup T of G, then the trace of the (A, B)-holonomy depends only on the surface and not on the loop-of-paths structure.
This reducibility condition is related to the abelian projection considered in [15] , [16] . The actual computation of v.e.v.'s for the topological BF theories will be carried out elsewhere. There is some indication that these v.e.v.'s may be related to the invariants of imbedded (or immersed) surfaces considered by Kronheimer and Mrowka [17] .
Even though the original motivations for this paper lies in the development of BF quantum field theories, our main goal here is to study connections, curvatures and holonomies of principal fiber bundles over path and loop spaces. Our language will be therefore the language of differential geometry.
Geometry
We begin Sect. 2 by considering a fixed principal fiber bundle P (M, G) together with a connection A. The space of A-horizontal paths, denoted by P A P , is a principal G-bundle itself which has the space of paths on M as base manifold.
We describe explicitly the tangent bundle of P A P as a submanifold of the path space of TP . We consider connections on P A P and particularly those connections that are defined in terms of a 2-form B. We call these connections on P A P special connections.
The curvatures, horizontal distributions and parallel transports corresponding to special connections are computed. The explicit expression for the curvature involves Chen integrals.
In Sect. 3 we discuss the parallel transport of paths of paths with respect to special connections. We single out the case when B is given by the (opposite) of the curvature F A of A: it is the only case where we have an abelian Stokes formula, namely a relation between the parallel transport of a path of paths and the A-holonomy of the loop given by the boundary of such path of paths.
More generally we study the possible conditions that force the (trace of the) parallel transport along a path of paths (or of loops) and the (trace of the) holonomy of a loop of paths (or of loops) to depend only on the spanned surface. The first of these conditions is a "perturbative" one: namely we assume that P admits a flat connection and we expand both B and F A around zero. Then, for imbedded paths of paths, the (trace of the) parallel transport with respect to a special connection (A, B) depends only on the spanned surface, up to second-order terms.
In Sect. 4 we compute the expressions of the special connections and of the parallel transport of paths of paths in local coordinates.
After recalling the general transformation properties of the holonomy considered as a function of the space of connections for a generic principal bundle (Sect. 5), we discuss in Sect. 6 the "non-perturbative" conditions that guarantee that the holonomy of a loop of paths is independent of those automorphisms of P that maps the spanned surface into itself.
Here we require both B and A to be reducible to an abelian subgroup of the structure group G once they are restricted to the image of the spanned surface.
In Sect. 7 we study the action on the space of pairs (A, B) of those transformations groups that happen to be symmetries for the BF -theories.
The invariance of the (trace of the) holonomy under those transformations is guaranteed provided that we ask again the reducibility conditions for both A and B.
It is worthwhile noticing that the group of gauge transformations on P A P , which preserves the trace of the holonomy, is not a symmetry group for the BF -theories. More precisely the symmetries of the BF theories are "close" to being gauge transformations on P A P , the missing terms being boundary terms and higher-order Chen integrals.
The full group of gauge transformations on P A P , the space of all connections on P A P and the relation between P A P and the free loop bundle LP (whose structure group is the loop group of G) will be discussed in a forthcoming paper [18] .
In section 8 we describe the observables for BF quantum field theories, both in the topological and in the non-topological case.
Differential geometry of horizontal paths
We describe here the general setting of this paper. We consider a smooth manifold M that is assumed to be closed, compact, oriented and Riemannian, a compact Lie Group G with an Ad-invariant inner product on its Lie algebra g and a fixed principal G-bundle P = P (M, G) over M . The group of gauge transformations of P will be denoted by G, while the space of connections on P will be denoted by A.
Also we denote by Ω * (M, adP ) the graded Lie algebra of forms on M with values in the adjoint bundle ad P = P × Ad g. We will consistently consider the elements of Ω * (M, adP ) also as forms on P that are both of the adjoint type and tensorial [19] .
The group G acts on A, and this action is free provided that we restrict A to be the space of irreducible connections and divide G by its center. We denote this action as follows:
In the course of this paper we will have to consider other principal G-bundles, say P X (X, G), over some manifold X, possibly infinite-dimensional. We will then denote then G(P X ) and by A(P X ) the relevant group of gauge transformations and the space of connections. If no confusion arises, we use the symbol π to denote the projection of any fiber bundle.
For any manifold X we denote by PX the space of smooth paths on X. The space of smooth free loops on X will be denoted by the symbol LX and the space of x-based loops (x ∈ X) by the symbol L x X. With some extra work we could consider also piecewise smooth paths and loops, but we do not wish to discuss this problem here.
We will also be interested in the space of smooth maps assigning to each point x ∈ X a path or a loop with initial point x. We call such maps path-fields and, respectively, loop-fields. If we denote by M ap(X) the space of smooth maps of X to itself, then a path field and a loop field on X are represented respectively by a path or a loop on M ap(X) with initial point the identity map.
Most of this paper deals with horizontal lifts of paths on M with respect to a given connection A ∈ A. We use the following notation for horizontal lifts; for any γ: [0, 1] → M and for any p ∈ P with π(p) = γ(0), the A-horizontal lift of γ with initial point p is denoted by the symbol L(A, γ, p).
Our first task is to study the differential geometry of the space of A-horizontal paths. 4
The principal bundle of horizontal paths and its tangent bundle
Let P A P denote the space of A-horizontal paths in P . This is a principal G-bundle
where the right G-action is given by the right G-action on the initial points of the horizontal paths.
If we consider two distinct connections A,Ā ∈ A, then we have two distinct and isomorphic principal G-bundles P A P and PĀP . They are isomorphic since, for any connection A, the bundle P A P is isomorphic to the pulled-back bundle ev * 0 P . By the symbol ev we denote in general the evaluation map and, in this particular case, the map
Let us call J A the isomorphism between ev * 0 P and P A P given by
We denote by j A the evaluation map ev * 0 P × I → P given by
We have the following bundle morphisms:
As a particular case we can consider the loop space LM on M , instead of PM and the corresponding principal bundle L A P whose elements are the A-horizontal paths on P whose projections are loops.
We now study the properties of the tangent bundle of the bundle P A P. Firstly we identify TPM (the tangent bundle of the path space) with P(TM ) (the path space of the tangent bundle).
In other words, given any path γ ∈ PM , a vector X ∈ T γ (PM ) is given by the assignment for each t ∈ I of a vector X(t) ∈ T γ(t) M . Equivalently the same vector X can be represented by a smooth map Γ: (−ǫ, ǫ) × I → M , so that
For any horizontal path q on P , let us consider a tangent vector q ∈ T q (PP ), defined by a smooth map Q: (−ǫ, ǫ) × I → P satisfying the following conditions
The tangent vector q belongs to T q (P A P ) if and only if the following extra requirement is satisfied:
Here we used the dot to denote the derivative with respect to the variable t ∈ I. We will use this notation also in the future. Moreover when dealing with two variables (s, t) ∈ I × I we will use the prime to denote the derivative with respect to the variable s ∈ I.
Condition (2.7) is independent of the choice of the map Q(s, t) representing q. In fact any two such choices Q(s, t) and Q(s, t) would satisfy (in local coordinates) the condition Q(s, t) − Q(s, t) = sg(s, t) for some map g with g(0, t) = 0.
By considering the Lie derivative L and inner product i operators, condition (2.7) is written as
An important consequence of (2.8) which will be used several times in the rest of this paper is given by the following Theorem 2.1. For any element q ∈ T q (P A P ), the following equations hold:
where F A denotes the curvature of A.
Proof of Theorem 2.1
Condition (2.8) and the commutation property
Since q is horizontal we have also
Equations (2.10) and (2.11) and the structure equation for the curvature imply
If we recall (2.6) then (2.12) becomes immediately the first equation of (2.9), namely
while the second equation of (2.9) is obtained by integrating the first.
To any path (q, q) in TP and t ∈ I we associate the tangent vectors (q(t),q(t)) ∈ T (q(t),q(t)) TP . Altogether the quadruple (q, q,q,q) represents a path in TTP.
To any connection A ∈ A we can canonically associate a connection
• A on the TGbundle TP [20] , [21] , called the tangential connection.
We recall that the tangential connection
• A applied to an element TTP represented by a smooth map Q:
We have then the following In other words (q, q) is the
A vertical vector q ∈ T q (P A P ) is required to satisfy the extra condition q(t) ∈ V q(t) P, ∀t ∈ I, (2.14)
where V p P denotes the vertical subspace of T p P. Finally we have the following Corollary 2.4. As a consequence of Theorem 2.1 and condition (2.14) , vertical vectors in T q (P A P ) satisfy the equation
Connections and curvatures on the bundles of horizontal paths
We now consider connections on P A P . In particular we are interested here in those connections on P A P that are determined by 2-forms in Ω 2 (M, adP ), as shown in the following Theorem 2.4. Let B ∈ Ω 2 (M, adP ) and A,Ā be any pair of connections on P . The form
defines a connection on P A P.
Proof of Theorem 2.4
The g-valued 1-form ev * 0Ā is a connection on P A P . Moreover the 1-form
of the adjoint type and is tensorial, as can be seen by inspecting the explicit expression:
We will call any connection of the above form a special connection on P A P and will denote it by the triple (A,Ā, B). The space of special connections on P A P is an affine space modeled on
The reason why we are particularly interested in special connections is that elements of Ω 2 (M, adP ) and connections are the essential ingredients of four-dimensional BF -theories [8] , [9] , [22] , [4] .
The space of special connections is a proper subspace of the space of all smooth connections on P A P . A simple example of a connection on P A P that is not special is very easy to construct. Let t B t be a path in Ω 2 (M, adP ) and A,Ā be any pair of connections on P . Then we have a connection on P A P , defined on q ∈ T q (P A P ) as
Other examples of connections on P A P that are not special will be discussed extensively in a subsequent paper [18] .
In (2.15) we often chooseĀ = A and denote the triple (A, A, B) simply by a pair (A, B). Here A is kept fixed, so the space of special connections on P A P that are represented by pairs (A, B) is an affine space modeled on Ω 2 (M, adP ).
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A vector q ∈ T q (P A P ) is, by definition, horizontal with respect to the connection (A,Ā, B) if the following condition is satisfied:
We consider two particular connections on P A P :
As a consequence of Theorem 2.1, we have the following Corollary 2.6. The tautological connection is given by ev * 1 A and its curvature is given by ev *
F A . Condition (2.18) for the tautological connection is the requirement that q(1) is A-horizontal.
Let us add that on L A P the tautological and the trivial connections are gauge equivalent, but we refer to [18] for the study of the gauge group of L A P .
The computation of the curvature for a generic 2-form B involves Chen integrals. These integrals are defined in [23] for scalar forms, but their extensions to forms in Ω * (M, adP ) is relatively easy and will be discussed extensively in [18] .
Here it is enough to say that the Chen integral of a form w ∈ Ω deg(w) (M, adP ) is just the form given by the ordinary integral
while the Chen bracket of two forms
where for each value of t i w i (· · · ,γ(t i )) are (deg(w i ) − 1)-forms on P to be evaluated at tangent vectors in T γ(t i ) P . Notice that the Chen bracket is bilinear, but neither skewsymmetric nor graded-skew-symmetric.
We have the following Theorem 2.6. The curvature F (A,B) of (A, B) is given by the following 2-form on P A P :
Proof of Theorem 2.6
The curvature of the connection (A, B) is given by:
We then recall that we have the following relation between exterior derivatives
where the sign is given by the parity of the order of the form on P A P . Hence we have the following chain of identities:
We also have
and by taking into account Theorem 2.1, we conclude the proof.
It is now natural to look for flat connections on P A P . If we restrict to special connections (A, B), then (A, 0) is a flat connection if A is flat. In order to find other flat connections, we have to require some reducibility conditions. Let T be an abelian subgroup of G. We use the following Definition 2.7. We say that a form ω ∈ Ω * (M, adP ) is reducible to T if there exists a T -subbundle of P , such that ω restricted to it takes values in Lie(T ).
When we require the reducibility of the connection A and of some forms ω i ∈ Ω * (M, adP ), it will be understood that there will exist a T -subbundle of P where the above forms are reducible simultaneously. When we restrict ourselves to considering the bundle L A P of horizontal paths whose projections are loops, then a sufficient condition for the flatness of (A, B) is given by the following Theorem 2.8. The curvature of the connection (A, B) on L A P is zero if the following conditions are satisfied:
1.
A and B are reducible to T .
To conclude this section, we recall that the bundles ev * 0 P and P A P are isomorphic via (2.4). We denote by A(A,Ā, B) and A(A, B) the connections on ev * 0 P induced respectively by the connection (A,Ā, B) and (A, B) on P A P.
Namely we set 20) where j A has been defined in (2.5). The curvature of (2.19) and (2.20) will be denoted respectively by the symbols F(A,Ā, B) and F(A, B).
Horizontal lift of paths of paths and the non-abelian Stokes formula
In this section we consider the parallel transport of paths of paths and in particular of imbedded paths of paths. We discuss when the relevant parallel transport is invariant under isotopy.
Any connection on P A P defines horizontal lifts of a path of paths Γ in M , namely, of a map
Each of these horizontal lifts depends on the choice of the initial path q ∈ P A P , with π(q(t)) = Γ(0, t). In turn this initial path q, being A-horizontal, depends only on the choice of a initial point q(0) ∈ π −1 Γ(0, 0). So we will speak of horizontal lift of paths of paths with respect to an initial point p 0 ∈ π −1 Γ(0, 0). The horizontal lift of a path of paths Γ with respect to a given connection on P A P is, by definition, a path of A-horizontal paths. So we have the following: Notice that the lift of the path of initial points considered in Theorem 3.1 coincides with the horizontal lift with respect to a connectionĀ ∈ A only if we choose the special connection (A,Ā, 0) on P A P . For a general connection on P A P, the lift of the path of initial points is more general than the horizontal lift: it is still G-equivariant but depends on the whole path of paths Γ.
It is therefore convenient to consider the following general definition of path-lifting for a principal bundle P (M, G). 
and the G-equivariance
Our definition of lift is a smooth G-equivariant version of the definition of a "connection" for the fibration π: P → M , as given, e.g., in [24] . But we will use the term "lift" instead of "connection" in order to avoid confusion with the ordinary connections on P (M, G).
We recall that a path-field is a smooth map M → PM that assigns to each x ∈ M a path beginning at x. Each path-field Z composed with γ yields an element of P(PM ). When we lift Z • γ via a connection on P A P , we obtain a path of paths in P whose initial points are a lift of γ in the sense of Definition 3.2. Hence Theorem 3.1 can be rephrased as follows: Theorem 3.3. If we denote by P(M ) the space of path-fields on M , by H(P ) the space of lifts as in Definition 3.2 and by A(ev * 0 P ) the space of connections on ev * 0 P , then we have a map:
In particular standard horizontal lifts correspond either to the choice of a special connection of the type (A,Ā, 0) on P A P together with an arbitrary choice of a path-field or to an arbitrary choice of a connection on P A P together with the choice of the trivial path-field (i.e. the path field assigning the constant path to every point of M ). This shows in particular that (3.2) is far from being injective.
Following definition (2.2) we denote the horizontal lift with respect to the connection ω on P A P by the symbol L(ω, Γ, p 0 ). The comparison of the lift of the initial points of Γ ∈ P(PM ) with respect to the two connections ω and (A, 0) defines a path
Due to the A-horizontality of the the lifted paths t
3) holds also for a generic t, namely we have
When we work with a fixed path of paths Γ and a fixed base point p 0 ∈ π −1 Γ(0, 0) we use a simplified notation, i.e., we set
From (3.3) we conclude that k Γ,ω satisfies the following differential equation:
where we have to keep in mind that for any s ∈ I, the map
represents a tangent vector in TP A P.
We will use consistently in this paper the notation of (3. When we choose ω to be the special connection (A, A + η, B), then equations (3.4) and (2.18) imply the following differential equation:
The solution is given by a path-ordered exponential (in the variable s)
If G is an abelian group (e.g., U (1) n ), then path-ordering is not needed.
Consider now the evaluation map ev: P(PM )×I ×I → M and the pulled-back bundle ev * 0,0 P whose elements are represented precisely by pairs (Γ, p 0 ) where Γ is a path of paths on M and p 0 ∈ P is an element in the fiber over Γ(0, 0).
We have the following Theorem 3.4. Any connection ω on P A P determines a map 
In particular when ω is a special connection (A, A + η, B), then the map H (A,A+η,B) has the following properties
Proof of Theorem 3.4
We define
, where the r.h.s. is in turn defined by (3.3). (3.10) is a consequence of (3.8). First we consider the case of the trivial connection on P A P . It follows from the definition, that for any Γ and for any A ∈ A, we have H A,0 (Γ, p 0 ) = 1.
Next we consider the tautological connection (A, −F A ). For this connection the nonabelian Stokes formula holds, namely we have the following Theorem 3.5. For any path of paths Γ ∈ P(PM ) and for any p 0 ∈ π −1 Γ(0, 0) we have
Here ∂Γ: [0, 1] → M denotes the (smooth) [1] loop defined by
(∂Γ)(τ )= Γ(4τ − 1, 1),
(∂Γ)(τ )= Γ(4 − 4τ, 0).
Proof of Theorem 3.5 [1] We assume that, when needed, all corners are properly smoothed.
Here the connection on the bundle of horizontal paths, is given by ev * 1 A. Hence the (A, −F A )-horizontal lift at p 0 ∈ P of the path of initial points Γ(•, 0) is obtained as follows.
We The non-abelian Stokes Formula has a long history, starting from [10] , [11] . For some more recent papers see [25] , [26] , [27] . The treatment of the problem as a problem of parallel transport in a space of paths is new.
We now consider different paths of paths with the same image in M and see if their image with respect to the map given in Theorem 3.4 is the same.
In this section, from now on, we limit ourselves to considering imbedded paths (or loops) of paths. We assume, in particular, that we have an isotopy Γ r : I ×I → M, r ∈ [0, 1] satisfying the following assumptions:
By taking derivatives of Γ r with respect to the parameter r, we define for each r a smooth map Z r : I × I → TM , with Z r (s, t) ∈ T Γ r (s,t) M. The following conditions for Z r are a consequence of the corresponding conditions for Γ r : 
If, in addition, condition G.3 is satisfied, then we have also
Here we have assumed that some representation of the group G has been chosen so that the sum in (3.11) and (3.12) makes sense. Even though we do not have in general a true horizontal lift of squares or of surfaces, the implications of Theorem 3.6 are that in some particular cases such horizontal lifts do exist. This is true if we consider imbeddings or immersions as paths of paths, and small deviations from a flat connection and from B = 0.
Proof of Theorem 3.6
Consider L((A, 0), Γ r , p 0 ), i.e., the (A,
(3.13)
We first consider equation (3.11) . By taking into account (3.8), we see that the element in g we are looking for is
14)
The integrand above coincides with
But the Stokes theorem and property Z 2 imply that the integral of L * A,r diZ r B vanishes. Moreover we have
since, for any X, Y ∈ T s,t (I × I), the three vectors (L A,r ) * X, (L A,r ) * Y ,Z r (s, t) are A−horizontal and linearly dependent.
As for (3.12), we set
In order to prove (3.12) we have to show the vanishing of the term 
If the image of Γ r is contained in a submanifold i: N ֒→ M , then in order for the conclusions of Theorem 3.6 to remain true, it is enough to require i
* F A = 0. Moreover in (3.11) and (3.12) we may replace λB with any B(λ) such that i * B = o(λ).
Let us come back to the non-abelian Stokes formula. This formula implies that Tr H (A,−F A ) (Γ, p 0 ) coincides with the Wilson loop of the boundary ∂Γ.
We recall that the Wilson loop is defined precisely as Tr Hol A (γ, p 0 ) for γ ∈ LM , A ∈ A and π(p 0 ) = γ(0).
When we consider instead of the tautological connection a generic special connection (A, B), the corresponding generalized Wilson loop Tr H (A,B) (Γ, p 0 ) depends on the path of paths Γ and not only on ∂Γ.
This may be relevant for the understanding of the quark-confinement problem in the framework of BF -theories.
In particular we are interested in considering generalized Wilson loops represented by deformations of the ordinary Wilson loop, where, up to the second order in the perturbative expansion, Tr H (A,B) (Γ, p 0 ) depends only on the surface Im(Γ) and not on the particular path of paths Γ.
Accordingly we consider a special connection given by a perturbation series in a neighborhood of a flat connection (A, 0), where F A = 0.
We may use two different variables κ and λ to describe respectively the deformation of the connection A and of the 2-form field B, i.e. we set:
(3.17)
We now choose a smooth isotopy of imbeddings Γ r (or smooth homotopy of immersions) as before and set
If we have only one parameter κ, we set
When λ = 0, then the non-abelian Stokes formula implies that H(κ, λ = 0, r, p 0 ) is independent of r.
In the general case the power series expansions of H(κ, λ, r, p 0 ) and H(κ, r, p 0 ) depend on r but satisfy the following: Theorem 3.8. Let P (M, G) be a principal G-bundle admitting a flat connection A. Let Γ r satisfy G.1 and G.2 and let A(κ) and B(λ) be defined as above. For H(κ, λ, r, p 0 ) given by (3.18) we have the following equation:
If we have only one parameter κ = λ, and we assume also G.3, then we have
where definition (3.19) has been assumed.
Theorem 3.8 provides a surface law for the generalized Wilson loop in BF -theories. The main difference between Theorem 3.6 and Theorem 3.8 lies in the fact that in the latter the field B deforms a (non-trivial) tautological connection (for which the non-abelian Stokes formula holds) at any order in κ.
Proof of Theorem 3.8
As in (3.3) and (3.5) we set
Analogously to (3.7) we have
By taking the derivative of (3.22) with respect to λ at κ = λ = 0 the r.h.s. of (3.22) becomes
(see (3.13) for the notation) and the proof of Theorem 3.6 applies verbatim to our case. As for (3.21) we notice that we have to replace λ with κ in (3.22). The derivative with respect to κ at κ = 0 of the r.h.s of (3.22) becomes
We differentiate again with respect to r. Using G.3 and the same arguments as in Theorem 3.6, we obtain (3.21).
We end this section by considering the special case of Γ being an imbedded loop of paths. The holonomy with respect to the connection (A, B) is then given by 
and if Γ is a loop of loops:
Local coordinates
Here we discuss the expressions of the special connections on P A P and of the relevant parallel transport in local coordinates.
Let U be the domain of a local chart in M . We denote by PU the space of paths in U and by P U M the space of paths in M with initial point in U . Any section σ: U ⊂ M −→ P determines a section σ:
where, as before, L denotes the horizontal lift. So the bundle of horizontal paths is trivial if and only if the bundle P is trivial.
Definition 4.1. For any section σ: U → P we define h: PU × I → G by the equation σ(γ(t))h(γ, t) ≡ [ σ(γ)](t).
The map h allows us to compare the A-parallel transport with the image of a section σ and is given by the standard path-ordered exponential of the integral h(γ, t) = P exp
Connections
Given any X ∈ T γ (PM ), we set h γ (t) ≡ h(γ, t), q = σ(γ) and q ≡ σ * X. We have
where the map i: g → X(P ) is, by definition, the map yielding fundamental vector fields. Moreover we haveq
The second terms of both (4.3) and (4.4) are vertical vectors fields along q, so we finally obtain
This is the expression in local coordinates of the difference between the connection (A, B) and the connection (A, 0).
[2]
Horizontal lift of paths of paths
Now we compute the (A, B)-horizontal lift of Γ ∈ P(PM ) in local coordinates. Consider a map Γ: I × I → M, where the first variable (s) describes the path of paths, while the second variable (t) describes each individual path. We assume that the image of Γ is all contained in the domain U of a local section σ: U ⊂ M → P .
We consider the section σ ( (4.2)) on P A P . We have explicitly, for each fixed s ∈ I,
where h is as in Definition 4.1 and Γ(s, •) denotes the path in PM given by t Γ(s, t). The (A, 0)-horizontal lift of Γ is given, in local coordinates, by
When we consider as in (3.3) the path k Γ,A,B : I → G, then the (A, B)-horizontal lift of Γ is given, in local coordinates, by
We now consider the following vectors in T ( σΓ)(s,t) P :
We also set
[2] The expression (4.5) was firstly considered in [9] where the notation Hol A (γ) t 0 for h γ (t) was employed.
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The (A, B)-horizontality of (4.6) translates into the following equations
Hence we have
The solution of (4.10) is finally given by
(4.11) where P s ′ denotes path-ordering in the variable s ′ .
Transformation properties of the holonomy as a function of the connection
In this section we consider a generic manifold X and a principal G-bundle π: P X → X (typically we have in mind either X = M or X = PM ) and we recall the main properties of the parallel transport of paths and of the holonomy of loops, both seen as functions on the space of connections A(P X ).
Let ω ∈ A(P X ), η ∈ TA(P X ), γ ∈ PX, and u ∈ π −1 γ(0) ⊂ P X . We consider the horizontal lift L(ω, γ, u) (2.2). To the path of connections given by κ ω + κη, κ ∈ (−ǫ, ǫ) we associate the path in PG, κ g κ = g κ (γ, ω, η, u) ∈ PG given by the solution of the following equation:
By definition we have
In this section we use again a simplified notation for the horizontal lift by setting
and the relevant evaluation map ev : I × L → P.
The paths g κ (t) satisfy the following equation in the variable t g −1
The solution is the path-ordered exponential
By differentiating at κ = 0 (5.4), we get
Thus we have proved the following Theorem 5.1. For any loop γ ∈ LX, the logarithmic exterior derivative of the holonomy, seen as a function of the connection ω ∈ A X , is given by
We denote by Aut P X the group of automorphims of P X and by aut P X the Lie algebra of infinitesimal automorphisms of P X . There is an action of Aut P X on A X and a projection (group homomorphism)
whose kernel is the group of gauge transformations G(P X ). This projection allows us to define an action of Aut P X on PX. Hence any ψ ∈ Aut P X defines an isomorphism of bundles of horizontal paths ψ: P ω P X → P ψ * ω P X (5.9)
We now want to discuss the effect of this isomorphism on the parallel transport and the holonomy.
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The isomorphism (5.9) satisfies the following equation
This implies that the infinitesimal action of aut P X on P ω P X is just the opposite of the corresponding action on A X . For any Z ∈ aut P X we compute the corresponding Lie derivative
By setting η = L Z ω in (5.7), we get
( 5.11) If we consider the variation of the trace of the holonomy (in any representation of G), we have Theorem 5.2. Let ω ∈ A X , γ ∈ LX, Z ∈ autP X , and u ∈ π −1 γ(0). Then we have
Proof of Theorem 5.2
We have
and therefore
The result now follows from (5.11).
Corollary 5.4. The variation (5.12) vanishes if the restriction of Z to the image of γ is proportional to the tangent vectorγ
In particular if the loop is an imbedding, then the corresponding trace of the holonomy is invariant under the action of any ψ ∈ Aut P X connected to the identity for which ρ(ψ) ∈ Diff X maps the image of the loop into itself.
6.
Holonomy of cylinders and the group of automorphisms of P .
In this and the following section we consider loops of paths and loops of loops and study the corresponding holonomies as functions on the space of (special) connections.
We will use the name cylinders to denote the image of loops of paths, even though we are not assuming that such loops of paths are necessarily imbeddings or immersions.
In this section we look for the conditions which guarantee that the (trace of the) holonomy of a loop of paths is invariant under those automorphisms of P which project onto diffeomorphisms connected to the identity, that map the corresponding image (cylinder) into itself.
Since we are considering the action of Aut P on the space of connections A, it is convenient to work primarily with the bundle ev * 0 P instead of P A P, for which the choice of a fixed connection A is required. We will, though, make constantly use of the isomorphism J A : ev * 0 P → P A P (2.4). Equation (5.10) says that the group Aut P of automorphisms of P acts in a natural way on the bundle ev * 0 P . In fact we have
The group Aut P can be identified with a subgroup of Aut(ev * 0 P ). The Lie algebra aut P can be accordingly identified with a subalgebra of aut(ev * 0 P ). Given now Z ∈ autP and the corresponding element in aut(ev * 0 P ) which we denote by the same symbol, we want to describe (J A ) * Z ∈ aut(P A P ) explicitly. Consider q ∈ P A P. The path
is an element of TPM . We now lift
• A-horizontally (6.2) (see Remark 2.2) with initial point (p, Z(p)) ∈ TP . This lifted path is ((J A ) * Z)(q). For any t, ((J A ) * Z)(q)(t) is a vector in T q(t) P . Notice that in general ((J A ) * Z)(q)(t) is different from Z(q(t)) unless t = 0.
The isomorphism (2.4) J A : ev * 0 P → P A P and the corresponding evaluation map (2.5) j A : ev * 0 P ×I → P allow us to transform forms on P A P defined by Chen integrals into forms defined on ev * 0 P . The result of performing first Chen integrals and then pulling back the forms to ev * 0 P via J A will be represented by the symbol Chen(A) . In the special case of line-integrals, we have for a generic k-form φ on P
Then we have the following 
At the infinitesimal level, for any Z ∈ aut P , we have
Proof of Theorem 6.1
If we are given η ∈ Ω 1 (M, adP ) and ζ ∈ Ω * (M, adP ) we have
where g κ is defined as in in (5.2). Now the proof follows from (5.6).
The curvature F(A, B) of A(A, B) at (q, p), is given by with ev: I × L (A(A, B) , Γ, p) → P .
We now compute explicitly (6.7). First we set
We can write down (6.7) as follows:
In order to obtain the vanishing of the previous expression, we make some extra assumptions on the vector field Z, namely:
A) π * Z(s, 0) is proportional to the tangent vector to the path of initial points Γ(•, 0) i.e.,
, with coefficients that, in general, are functions of s and t.
Moreover let Σ be a submanifold of M containing Im(Γ). For the restriction of P to Σ, we make the following assumptions: C) the connection A restricted to the bundle P Σ is reducible to an abelian subgroup T of G, D) the form B ∈ Ω 2 (M, adP ) restricted to P Σ is (simultaneously) reducible to T
We have finally the following 7.
Invariance properties of the (trace of the) (A, B)-holonomy
The space of connections on ev * 0 P of the type A(A, B) is isomorphic to the affine space A × Ω 2 (M, adP ) which is acted upon by some transformation groups, that arise in the framework of quantum field theories of the BF type (see below).
In this section we want to check under what conditions the trace of the (A, B)-holonomy is invariant under those transformation. group.
In quantum field theories one considers first of all the gauge group G. If we divide G by its center and consider only irreducible connections, then G acts freely on A × Ω 2 (M, adP )
We have moreover the group G T given by the semidirect product G ⋉ Ω 1 (M, adP ) , where G acts on the abelian group Ω 1 (M, adP ) via the adjoint action. The group G T acts non-freely in two ways on A × Ω 2 (M, adP ). The first action is given by the transformation
3)
while the second action is given by The corresponding derivative of the holonomy is given by:
The integral in the r.h.s. of (7.5) can be written explicitly as
where the prime denotes, as usual, the derivative with respect to the variable s and the dot the derivative with respect to the variable t, and L A,B (s, t) has been defined in (6.8) .
A direct consequence of Theorem 6.1 is the following Now we can study the transformation properties of the (A, B)-holonomy under (7.3) and (7.4) in the special case when we restrict the elements of G to be the identity.
In this case (7.3) becomes the transformation
and we have the following:
Proof of Theorem 7.2
where we have used (2.18). Therefore
Notice also that
Finally we take into account Theorem 7.2 and consider the invariance properties under (7.4) of the trace of the holonomy of a loop of paths Γ: S 1 ×I → M. The previous discussion yields the following 
We now consider loops of loops. In this case we have: 
is also reducible to T , then the trace of the (A, B)-holonomy of the loop of loops Γ is invariant under (7.4) . If, besides the above conditions, we have also
then the trace of the (A, B)-holonomy for loops of loops is also invariant under (7. 3).
The conclusion of this section is that the symmetry (7.4), which arises from the BF (quantum) field theory, does not leave the trace of the holonomy invariant, unless some reducibility constraints are imposed on the connection A and on the field B.
In this sense the transformations (7.4) represent almost a good symmetry for the observable given by the trace of the (A, B)-holonomy.
A good symmetry for the same observable would certainly be represented by the group of gauge transformations for P A P . Unfortunately gauge transformations for P A P do not map special connections into special connections and hence are not good symmetries for the BF theories.
In general gauge transformations for P A P map special connections into special connections plus some extra terms given by Chen integrals and boundary terms. By neglecting these extra terms one obtains exactly (7.4) . In this sense the transformations (7.4) are almost gauge transformations for P A P .
8.
Observables, actions and quantum field theories
An application of the ideas developed in this paper is the construction of new observables for quantum field theories (QFT).
A QFT is described by an action functional, and by observable one means another functional that is invariant under the same symmetries that leave the action functional unchanged. A weaker requirement for the observables is the invariance only on shell (i.e., upon using the Euler-Lagrange equations); in this case the quantization of the theory requires the use of the Batalin-Vilkovisky formalism [28] , [29] , but we will discuss this elsewhere. Throughout this section we will restrict ourselves to considering a four-dimensional manifold M .
Non-topological QFT's
The first QFT we consider is the Yang-Mills theory described by the action functional
where * is the Hodge dual with respect to the Riemannian metric on M . The invariance group of the Yang-Mills action functional is the group of gauge transformations A → A g .
In this framework we have two natural elements of Ω 2 (M, ad P ) at our disposal, viz., F A and * F A . Therefore, we may consider the following family of observables:
where Γ is a path of paths or loops. Theorem 3.4 guarantees that this is indeed an observable.
Notice that for α = β = 0 the observable reduces to the trace of the identity, while for α = −1 and β = 0 it yields the trace of the A-holonomy along the boundary ∂Γ. Taking α = 0 and β = 1 (β = −1) is an interesting choice if the background connection-i.e., the solution of the Euler-Lagrange equations d * A F A = 0 around which we are working-is anti-self-dual (self-dual); in this case, on shell the observable is the A-holonomy along the boundary of Γ but off shell it depends on Γ (see Theorem 3.8).
Another family of observables can be obtained by replacing H by Hol in the above formula.
As discussed in the Introduction, a physical interpretation of these observables may be the following: as the Wilson loop-i.e., the trace of the A-holonomy-describes the displacement of a point-like charge, so the observable O describes the displacement of a path-like (or loop-like) charge, namely of an open or closed string.
Notice that, even if the image of Γ represents a smooth surface, the observable O depends in general on its underlying path-of-paths structure. If, however, we impose assumption C of section 6 as a boundary condition for A, then O will depend only on the surface represented by Γ and on the loop of initial points.
There are other theories that are equivalent to the Yang-Mills theory, like the first order Yang-Mills theory [1] [2],
In this case, however, we have at our disposal a bigger family of observables than those given by (8.2) . In fact as our form in Ω 2 (M, ad P ), we can take a generic linear combination
Another version of (8.3) is the so-called BF -Yang-Mills theory [22] , [4] , where B is replaced by B − d A η, η ∈ Ω 1 (M, ad P ), in the above action and, consequently, in the observable. The BF -Yang-Mills theory has been extensively studied in [4] where it has been shown to be equivalent to the Yang-Mills theory. This equivalence makes more interesting the appearance of a surface term for Wilson loops.
Topological QFT's
Topological Quantum Field Theories are QFT's whose action functional does not depend on the Riemannian structure of M and so it is expected to yield topological or smooth invariants as its vacuum expectation values.
We consider the following TQFT's: 1) the topological Yang-Mills theory
2) the BF theory with a cosmological term
3) the pure BF theory
We do not have a non trivial loop-of-loops observable for the topological Yang-Mills theory.
As for the BF theory with a cosmological term, we notice that the symmetries read, at the infinitesimal level,
with ξ ∈ Ω 0 (M, ad P ) and η ∈ Ω 1 (M, ad P ). These transformations correspond to (7.3). Since the Euler-Lagrange equations are B + F A = 0, then the trace of Hol (A,B) is almost invariant on shell. The problem is the presence of boundary terms in η, see (7.6). To get a good on-shell observable for loops of paths Γ, we have to eliminate these boundary terms; so we may consider
Notice that on shell this observable is trivial. Off shell one must add Batalin-Vilkovisky corrections. Alternatively one can assume conditions C and D of section 6 as boundary conditions. In this case the above observable is automatically invariant both on shell and off shell. In the case of the pure BF theory, the infinitesimal symmetries are (7.4), i.e.
The Euler-Lagrange equations read F A = 0, d A B = 0. These conditions correspond almost to the flatness of the connection for loops of paths, the missing requirement being the reducibility of B, see Theorem 2.8. We have then a first observable for pure BF theory, namely,
In fact, by Theorem 7.3 we get δO(Γ) = 0, provided that we assume conditions C and D of section 6 as boundary conditions. In this case the above observable is invariant both on shell and off shell. Another possible choice for pure BF theory is given by the observable
On shell (i.e. when F A = 0) Theorem 3.6 guarantees that (8.4) is an observable that can be rightly associated to the surface spanned by a loop of paths. To compute the transformation properties of this observable, we must consider the transformation of the holonomy and not of its trace but only up to the first order in t. So O turns out to be invariant on shell if one requires η to vanish on the restriction of P over a submanifold Σ containing the image of ∂Γ. To get a good observable also off shell, i.e., also in the case when A is not flat, one must add Batalin-Vilkovisky corrections. Notice that (8.4) is the exact counterpart of the observable for 3-dimensional BF -theory considered in [30] , [31] , [32] .
Since the BF theories are topological-i.e., do not depend on the choice of the Riemannian metric on M -one expects that the vacuum expectation values of the above metric-independent observables will yield smooth invariants of the image of an imbedded (immersed) loop of paths (of loops).
When M is a four-dimensional simply connected manifold, we conjecture that these invariants are related to the Kronheimer-Mrowka invariants [17] of imbedded (immersed) surfaces. Both in their theory and in our framework, a special rôle is played by connections that are reducible when restricted to the given surface. Moreover both in [17] and in the preliminary perturbative calculations of the four-dimensional quantum BF theory (see [9] , [22] ), the reducible connections ("monopoles on the surface" ) yield loops and surfaces that are non-trivially linked.
Conclusions
The natural geometrical setting for field theories of the BF type is a principal bundle on the space of paths ("open strings") or loops ("closed strings") of a (four-dimensional) manifold M . The fields A and B of the BF theory describe collectively a connection on such principal bundles.
Out of the trace of the corresponding holonomy one can define observables associated to paths (loops) of paths (of loops). These can be seen as associated to imbedded (or immersed) surfaces only if some extra conditions are met and if those extra conditions are taken into account in the calculations of Feynman integrals.
The geometrical analysis of BF theories suggests two physically relevant considerations:
1. In those BF theories that are related (equivalent) to the Yang-Mills theory, one can consider B-dependent observables associated to paths of paths which, when B is a deformation of the curvature, are a deformation of the Wilson loop along the boundary of the surface spanned by the path of paths. In other words a deviation from the non-abelian Stokes formula appears and this may be relevant for a correct understanding of the problem of quark-confinement. 2. Four-dimensional topological BF theories yield invariants of the four-manifold. When no B-dependent observable is included, the invariants to be considered should be related to the Donaldson invariants. When B-dependent observables are considered, one expects the corresponding quantum field theory to yield invariants of imbedded (or immersed) surfaces (like the Kronheimer-Mrowka invariants).
Four-dimensional BF theories can then be considered as a sort of gauge theories for loops and paths. The main difference is the fact that the action functional is not integrated over the whole space of paths (loops) but over the original four-manifold M . As a consequence, the action functional is not invariant under the full gauge group of the principal bundle over the path space but is only approximatively invariant (i.e. when one neglects boundary terms and higher-order Chen integrals).
The full structure of the gauge group, of the space of connections and of the space of gauge orbits for paths and loops as well as the relation with Hochschild (and cyclic) (co)homology, will be discussed elsewhere.
10.
Appendix: Iterated loop spaces
Most of the construction in ths paper can be easily iterated, namely we can consider principal G-bundles on iterated free path and loop spaces. Let us denote those by the symbols P n M and L n M . We describe here the special connections and the relevant curvatures for iterated path spaces (in the case n = 2).
If we are given a connection (A, B) on P A P , then we can consider connections on the G-principal bundle of (A, B)-horizontal paths of paths Here ev 13 acts on the first and the third element of the product. Elements of P Following the definitions of sect. 2, in order to define a special connection on P The space of special connections considered above is an affine space modeled on Ω 3 (M, ad P ).
We have:
Any tangent vector X ∈ T Q P 2 A,B P is a map I × I ∋ (s, t) T Q(s,t) P. So we get 
